Study on disorder-free many-body localization is reported for the flat-band Creutz ladder, which was recently realized in cold-atoms in an optical lattice. In non-interacting case, the flat-band structure leads to a Wannier wave function localized on four adjacent lattice sites. In the flat-band regime with and without interactions, level spacing analysis exhibits Poisson-like distribution. This indicates the existence of the disorder-free localization. Calculation of the inverse participation ratio supports this observation. Interestingly, this type of localization is robust against weak disorder, and then for strong disorder, the system exhibits a crossover into the ordinary many-body localization phase. We also find non-ergodic dynamics in the flat-band regime without disorder. Memory of an initial density-wave pattern is preserved for a long period.
Introduction.-Localization and absence of diffusion in non-interacting electron systems have been extensively studied since Anderson discussed disorder effect on single particle electron wavefunction in solid [1] . Today what is called, Anderson localization (AL) is recognized as a universal phenomenon in various physical systems [2] . In AL quantum systems, single particle electron wavefunction is exponentially localized with a localization length, which leads to a kind of insulating phase. Thanks to recent development of both computer power and numerical techniques, study on effect of interactions between particles on the AL is one of the main research topics in condensed matter physics nowadays. It is now recognized that AL survives in some cases even if interactions between particles exist. This is so-called many-body localization (MBL). Mostly by using numerical simulations, it has been clarified that the MBL phase exhibits some characteristic properties such as Poisson distribution in the level spacing analysis (LSA) of energy eigenvalues similar to that of the ordinary AL and logarithmic growth of entanglement entropy. In its galssy dynamics, MBL is closely related with breaking of eigenstate thermalization hypothesis, and ergodicity breaking dynamics [3] [4] [5] [6] [7] . Recent experiments on cold-atom gases in optical lattices have reported evidences for the existence of the MBL phenomena [8, 9] .
Until recently, most of the theoretical studies have focused on possible MBL induced by disorders encoded in on-site potentials, hopping amplitudes and interactions, as well as a quasi-periodic potential [10] . On the other hand very recently, disorder-free AL/MBL-like phenomena have been discovered in the Wannier-Stark ladder [11, 12] , dipolar-atom gases in an optical lattice [13] , some lattice-gauge theoretical models [14] [15] [16] [17] and quantum Hall system [18] . Motivated by these discoveries, we shall report another type of disorder-free MBL system in this letter. It is a flat band system with interactions. The flat band structure suppresses particle hopping ef-fectively and generates a localized Wannier state [19, 20] similar to the typical localized wavefunction in the ordinary AL system. We are inspired by the existence of such localized wave functions and study the flat-band type localization in the Creutz ladder [21] . The Creutz ladder is a simple model and is also experimentally feasible in coldatom gases [22] [23] [24] . We investigate the LSA with weak disorders under the flat band condition, and find that the probability distribution exhibits Poissonian behavior for both the non-interacting and interacting cases, indicating localization tendency. Inverse participation ration (IPR) supports the localization tendency as well. Furthermore, we find that the dynamics in the flat-band Creutz ladder exhibits ergodicity breaking dynamics, i.e., memory of particle distribution in initial states survives for a long time period.
Creutz ladder model.-In this work, we study an interacting Creutz ladder with the Hamiltonian [21] ,
+ V (n a,j n a,j+1 + n b,j n b,j+1 + n a,j n b,j+1 + n b,j n a,j+1 )
where a ( †) j and b
( †) j are fermion annihilation (creation) operators on the upper and lower chains, respectively, and subscript j denotes a unit cell. n a(b),j is the number operator of the particle on the upper (lower) chain. t 1 and t 0 are the intra-chain and inter-chain hopping amplitudes, respectively. V is the intra-chain and inter-chain repulsions as depicted in Fig. 1 (a) . µ a(b),j is random disorder chemical potential, which has a uniform distribution such as µ a(b),j ∈ [−µ/2, µ/2]. The model is feasible in recent experiments by using a synthetic dimensional method [22, 23] or spin-dependent lattice with lattice modulation technique [24] .
The energy spectrum of the non-interacting case of H in Eq. (1) with V = µ = 0 is given as E(k) = ± (2t 1 sin k) 2 + (2t 0 cos k) 2 , where k is the wave number and the band width is |2(t 1 − t 0 )|. As shown in Figs. 1 (b) and (c), the band is flat for t 1 = t 0 with E(k) = −2t 1 , while for t 1 = t 0 the band is dispersive. The non-interacting case of H in Eq. (1) with µ = 0 belongs to the BDI or AIII class in the topological classification theory [25, 26] . This symmetry affects the spectrum distribution of the system. In particular, the chiral symmetry makes the energy spectrum symmetric around the zero energy. Also, at the flat band point t 0 = t 1 , a localized Wannier state exists in the system, whose wave function is given by [19, 20] 
where |0 is the vacuum state. This state spans over two adjacent unit cells, that is, a four-site localized state. As we show, this state is a key ingredient for appearance of a new kind of localization.
Here we note that in the ordinary AL, disorder makes localized states substantially reside on a single lattice site. On the other hand in the flat-band case, the target Wannier state has finite components in a finite region with multiple lattice sites. In the Cretuz ladder case, the number of site is four as shown in Eq. (2) . [See also Fig. 1 (a) .] As we explain later on, this fact gives certain constraints on the setup of an initial state for observing MBL dynamics.
Level spacing analysis and IPR.-In order to investigate localization properties of the present model, we first study the LSA by full-diagonalizing the Hamiltonian H in Eq.(1) with the periodic boundary condition. In the LSA, we employ the usual unfolding analysis [27] in order to obtain a clear probability distribution of the level spacings of energy eigenvalues. Here, our interest is the disorder-free and weak disorder regimes. On performing the LSA for disorder-free case (µ = 0), it is important to notice that the system has the translational symmetry. This symmetry generally leads to many degeneracies in energy eigenvalues. Because of the degeneracies, it is not straightforward to identify probability distributions of the level spacings without ambiguities [11, 12] . In order to avoid this difficulty, we consider the cases with small but finite disorders. In the presence of disorders, even if they are very weak, the degeneracies of the energy eigenvalues are solved, and then we are able to obtain clear probability distribution of level spacings, which substantially captures the characteristics of the disorder-free system. In practical calculations, we consider the upper and lower chains with length L = 16 and the number of particle N is four (i.e., filling factor is 1/8 Figure 2 (a) shows the obtained probability distribution for various disorder strengths for the non-interacting flat-band (V = 0, t 1 = t 0 ). We find that for the weak dis- order (µ = 1), the probability distribution is very close to Poisson statistics. This result indicates the existence of localized states even in the weak disorder as it is expected. As increasing the disorder strength, we observed an interesting phenomenon, i.e., the statistics changes from Poisson to GUE-like one first, and then it return to Poisson statistics. Calculations for µ = 6 and µ = 30 in Fig. 2 (a) clearly exhibit this behavior; Poisson → GUE → Poisson. The above behavior of the Creutz ladder model is somewhat different from the flat-band models studied in Refs. [33, 34] . We understand our findings as follows; The Poisson statistics for the µ = 30 ensemble comes from the ordinary AL, which is induced by disorder. On the other hand, the origin of the Poisson-like statistics for the µ = 1 ensemble is the flat-band properties of the model. Crossover takes place from the flatband localization to the disorder-induced AL as disorder is increased [36] . This conclusion is supported by the inverse participation ration (IPR) calculated later on. Figure 2 (b) shows the LSA of the interacting cases with weak disorder µ = 1. We find that even for finite interaction V = 1 and 6, Poisson-like statistics survives. This result implies the disorder-free MBL, which is induced by the flat-band structure.
We also study the non-flat-band case (t = 6t 0 ), which we regard a reference system with respect to the AL in finite-size systems. Figure. 2 (c) shows the LSA of the non-interacting non-flat-band for various µ's. The µ = 1 and µ = 6 results are close to GUE, while for larger disorder µ = 60, the ordinary disorder-induced AL appears. This delocalization-like behavior is stable against the interaction as shown in Fig. 2 (d) . The obtained result, in particular for the non-interacting case, seems to contract the common brief that all states are localized in 1D random-potential systems. Probably, this is a finitesize effect [37], i.e., localization lengths of certain part of states are larger than the system size for the weak disorder µ = 1. By comparing results in Fig. 2 (a) , (b) with those in Fig. 2 (c), (d) , we find that localization in the flat-band is stronger than that in the non-flat-band, indicating that their mechanisms are different. We shall confirm this expectation by calculating other quantities.
We calculate the IPR, which is often used for study of localization. By diagonalizing the Hamiltonian of Eq. (1), we obtain all eigenvectors |ψ ℓ = m c ℓ m |F m , where ℓ labels eignenstates, |F m is the Fock state base and {c ℓ m } are coefficients. For these eigenstates, the IPR is defined by
In particular for a non-interacting system with N particles, (IPR) ℓ in Eq. (3) is realted to the localization length R ℓ [in unit of the lattice spacing] as (IPR) ℓ ≃ 1/(R ℓ ) N [17] . In this work, we average (IPR) ℓ over all states for fixed µ and V . The averaged IPR is denoted by IPR . Figure 3 (a) shows the µ-dependence of IPR in noninteracting case (V = 0). For sufficiently weak disorder (µ < ∼ 1), the obtained IPR in both the flat-band (t 0 = t 1 ) and non-flat band (t 0 = 6t 1 ) are small compared with the strong-disorder regime (µ > ∼ 10), where the value of IPR is large due to the ordinary AL. For the weak-disorder regime, there exists clear difference in IPR between the flat-band and the non-flat-band [38] , i.e., the value of IPR of the flat-band is obviously much larger than that of the non-flat-band as shown in the inset of Fig. 3 (a) . This means that the flat-band system is more localized than the non-flat-band system. Simple estimation of average of R ℓ , R , by using IPR gives R ≃ 8 for the non-flat-band, whereas R ≃ 4 for the flat-band. This result for the flat-band, R ≃ 4, is reminiscent of the Wannier state in Eq. (2) .
It is interesting to observe that in the vicinity µ ∼ 6, IPR decreases in the flat-band system as shown in the inset of Fig. 3 (a) . This behavior is in good agreement with the result of LSA in Fig. 2 (a) . In fact for µ = 6, the LSA of the flat-band shows GUE-like behavior. Again, this behavior of IPR is an evidence of the crossover.
As our main concern is MBL in the flat-band, we studied the interacting cases with finite V 's. Calculations of the IPR for the case V = 1 are shown in in Fig. 2 (b) . We find that the value of IPR of the flat-band increases in the weak disorder regime compared with the V = 0 case, and it again decreases considerably around µ ∼ 6 as in the V = 0 case. We investigated the cases other values of V , and found similar behavior of IPR . We therefore conclude that MBL exists in the flat-band Creutz ladder model in the weak disorder regime reflecting the flat-band structure, and crossover from the flat-band MBL to the strong-disorder MBL takes place as disorder in increased. This is one of the main conclusions in this work.
Localization dynamics.-The above results of LSA and IPR indicate that disorder-free AL and MBL exist in the flat-band Creutz ladder. This motivates us to simulate dynamics of the Creutz ladder system. In the typical disorder-induced AL and MBL, information of an initial density-wave pattern is stored for a long period [3] [4] [5] [6] . This behavior is a hallmark of ergodicity breaking, and indicates the breaking of eigenstate thermalization hypothesis [3, 39] . Here, we focus on the weak-disorder and disorder-free cases, and investigate whether the flat-band Creutz ladder exhibits ergodicity breaking dynamics or not. To this end, we employ the Krylov subspace dynamical method [40, 41] and see how an initially prepared density-wave pattern evolves that is not entangled.
As a technical problem, the Lanczos algorithm for the temporal evolution of quantum states does not respect the orthogonality of the Krylov subspace vectors, and this causes deviations from the correct evolution of the system [11, 42] . To solve this problem, we employ the QR method [42] that preserves the orthogonality of the Krylov sub-space vectors in the time evolution [43] .
We simulate the time evolution of the initial state such
. This density pattern is suitable for detecting localization dynamics as the Wannier state is localized over four sites in the flat-band regime as shown in Fig. 1 (a) . As an indicator of ergodicity breaking dynamics, we introduce particle imbalance, I(t), defined as
). If the value of I is finite, memory of the initial state is preserved. This means ergodicity breaking. In the numerical calculation, we set unit of time byh/t 1 , and use time slice dt = 10 −2 . Figures 4 (a) and (b) show the time evolution of I(t) in the disorder-free case (µ = 0) for L = 16 and L = 12 with filling 1/8, respectively. The results of L = 16 and L = 12 exhibit similar behaviors. For V = 0, the imbalance I(t) for the flat-band keeps a finite value for long periods, while I(t) for the non-flat-band immediately drops to zero. The above result indicates that the flat-band structure leads to a very slow relaxation of the initial state, and generates an ergodicity-breaking mechanism.
From Figs. 4 (a) and (b), it is obvious that the above behavior of I(t) is preserved in the presence of the interaction. We conclude that the disorder-free MBL exists in the flat-band Creutz ladder with and without interactions, and it has the ergodicity-breaking dynamics.
We also calculated I(t) for finite-disorder flat-band cases as shown in Fig. 4 (c) . The result indicates that the disorder-free localization dynamics is robust against at least weak disorders. These behaviors are consistent with the results of the LSA in Fig. 2 and the IPR in Fig. 3 . The finite value of I for a long period is related to Poisson-like distribution in the LSA and relatively large IPR compared to the AL of the non-flat-band. Results for the strong-disorder cases are given in Supplementary material [37] .
Conclusion.-We clarified disorder-free AL and MBL phenomena induced by the flat-band structure in the Creutz ladder model with interactions. In the flat-band system, the LSA exhibits Poisson distribution in the weak-disorder regime for both free and interacting cases.
This result indicates the existence of the disorder-free AL and MBL phases in the Creutz ladder. We calculated the IPR that supports this result. Furthermore, we performed the dynamical simulations. We prepared a suitable density pattern as an initial state and simulated the system dynamics and measured the particle imbalance in the flat-band Creutz ladder. We found an ergodicitybreaking dynamics similar to that of the typical disorderinduced AL and MBL dynamics. This behavior is robust for weak disorders. Measurement of the particle imbalance is feasible in recent experiments [22, 24] , and we hope that our findings will be confirmed in the near future. We also expect that phenomena similar to our findings will be observed in other kinds of flat-band models such as models on sawtooth lattice and Lieb lattice, which are to be realized by cold atoms [44, 45] .
Supplemental Material

I. System-size dependence in level spacing analysis
In the level spacing analysis (LSA), the results depends sightly on system size. In our numerical simulation, the system size is limited up to L = 16, and N = 4 (filling 1/8 case). In the LSA, as mentioned in the main text, we employ the unfolding method to obtain a clear probability distribution. As a concrete example, we show the system-size dependence for non-interacting flat-band case in Fig .A1 (a) . For L = 8 case, the shape of the probability distribution is apart from Poisson distribution. The value of P (s) around s ∼ 0 tends to increase for small system size. As increasing the system size up to the L = 16, the shape of the probability distribution seems fairly close to Poisson. From this tendency, we expect that on calculating for larger system sizes, the probability distribution approaches to the exact Poisson distribution. Therefore for the non-interacting flat-band system, the AL is expected to be clearly observed in a large system size. Such a system-size dependence exists also for the interacting case. Figure A1 (b) shows the system-size dependence of the LSA for V = 1 case. Compared with the non-interacting case, increasing tendency of P (s) in the vicinity of s ∼ 0 in the small systems is weak. However, the probability distribution deviates from the exact Poisson distribution. As increasing the system size up to the L = 16, the probability distribution approaches to the Poisson distribution. 
II. Dynamical properties of the Creutz ladder with strong disorders
As shown in Fig. 4 (c) in the main text, we studied the time evolution of the density-wave type configuration in the weak-disorder regime µ ≤ 1. Here, we consider the strong-disorder regime of the interacting flat-band case.
As shown in the calculations of the LSA and IPR in the main text, the GUE-like behavior appears for moderate disorder strength such as µ ∼ 6. For the stronger disorder regime, the probability distribution in the LSA returns to the Poisson distribution, where the ordinary disorder-induced AL or MBL is expected to occur. By using the Krylov subspace method explained in the main text, we calculated the dynamics of the particle Imbalance, I(t), defined as Eq. (4) in the main text. Figure A2 shows the results of time evolution of I(t) in the strong-disorder system with V = 1 for L = 12, N = 3. The results are in good agreement with the LSA and the IPR obtained in the main text. For µ = 6 case, the LSA exhibits the GUE-like distribution probability. Here, calculation of µ = 6 in Fig. A2 shows that I(t) decreases to a vanishingly small value in a long time evolution. On the other hand, the µ = 30 result indicates that the particle imbalance remains finite even in a long time evolution. This behavior is the typical MBL dynamics induced by disorder and consistent to the results of both the LSA and IPR calculations. for µ = 6 decreases to a vanishingly small value, whereas I(t) for µ = 6 and 30 keeps a finite value. This behavior is in good agreement with the results of the LSA and IPR, which indicate the existence of the crossover at µ ∼ 6. L = 12, N = 3. We averaged calculations over 50 disorder samples.
